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The Backlund transformation and exact solutions, especially the closed form of the solution for the
initial value problem of the higher order Broer-Kaup (BK) systems in (1+1) and (2+1) dimensions,
are obtained by using the extended homogeneous balance method. The method used here is simple
and can be generalized to deal with other classes of nonlinear equations.
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1. Introduction

Nonlinear differential equations are known to de-
scribe a wide variety of phenomena not only in physics,
in which applications extend over magnetofluid dy-
namics, water surface gravity waves, electromagnetic
radiation reactions, and ion acoustic waves in plasmas,
just to name a few, but also in biology and chemistry. It
is one of the important tasks in the study of nonlinear
differential equations to seek exact and explicit solu-
tions. In the past several decades both mathematicians
and physicists have made many attempts in this direc-
tion [1-11].

In the present paper we consider the higher-order
Broer-Kaup (BK) systems in (1+1) dimensions,

He = —4(Hoc+ H3 + 6HG — 3HH,)x, @)
Gt = —4(Gux+3GH +3H?G+3GY),,  (2)

and (2+1) dimensions,

Hy = —4(Hy+ H3— 3HHy+3H9, *Gx+39; 1 (GH )y)x,
®)

Gt = —4(Gac+ 3GH + 3H2G + 3G, 'Gy)x,  (4)

where 9, = J dz These systems may be deduced from
the Kadomtsev-Petviashvili equation by using symme-
try constraints [12,13]. By using the extended homo-
geneous balance method [14], the Backlund transfor-

mations for the BK systems in (1+1) and (2+1) dimen-
sions are derived. Connections between the BK equa-
tions and the Korteweg-de Vries (KdV) equations are
found, which are used to obtain three families of so-
lutions for the BK equations. In these solutions a sim-
ple solitary wave solution and infinitely many rational
function solutions, especially the closed form of the
solution for the initial value problem of these systems,
are included.

2. Thelnitial Value Problem and Exact Solutions
of the Higher-order BK in (1+1) Dimensions

According to the extended homogeneous balance
method, let

H(X,t)z f/(qo)(pX+P(X7t)ﬂ 5)

G(x.t) =9 (0)pZ +d(9)p + Q(x,t),  (6)

where P(x;t) and Q(x,t) are known solutions of the
system expressed by (1) and (2).
Substituting (5) and (6) into (1) and (2), we obtain

He + 4(Hyc+ H? 4+ 6HG — 3HHy)y =
(4F4) 11287287 4 24F"g" + 24’93 —12f) §/
— 121"2) g + lower power terms of the

derivatives of ¢(x,t) with respectto xandt,  (7)

and
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Gt + 4(Gxx + 3GxH + 3H2G + 3G?) =

(49®) +129@W 1 +129®) 1 4 249" 1" ' + 1293 2
+ 249 g") @2 + lower power terms of the
derivatives of ¢(x,t) with respectto xandt.  (8)

Setting the coefficients of ¢ in (7) and ¢ in (8) to
zero yields an ordinary differential system for f(¢)
and g(o):

4]:(4)+12]:/2]://+24f//g//+24f/g(3)

s ) )
—12f®f — 12§72 =,
491 + 129 '+ 129317 + 249" £ £/ 10)
+ 129® 2 +-24¢®)g" =0
There exists a special solution for (9) and (10):
f(@) =9(e) =In(g). (11)
Thereby
1 1 1
M) gm2 _ _Le(d) ge(3) _ T4
f 6f ,f 6f Jff 3f ,
1 1 1
12.¢1 Tf(4) §83 _ T £(3) e T £(3)
flof 6f ,f 2f S f 2f . (12)
f/Z — _f(Z)

Using (11) and (12), the expressions (7) and (8) can be
simplified as

He + 4(Hy+ H3 + BHG — 3HHy)x = (¢t

+ 40y P+ 1204 PP — 1202 P+ 1202 P? + 24¢2Q) £ ()

+ (Pxt + 4 Poocx + 12000P + 1200P? + 24P
+ 240Q+ 240,Qx — 12¢Po) f/
+ R +4(P+ P* + 6PQ — 3PPy = 0, (13
Gt + 4(Gxx+ 3GxH + 3H2G +3G?) = (¢ 1
+ 402 o+ 1202 P+ 1203P% + 12¢3Q) ¥
+ (Pox Pt + 20x Pt + 4 PxProox + BPxProoex + 1205 P
+ 240xPu00P + 1205 PrxPe + 2402Qx + 2492 PP
+ 360xPxxP? + 2402PQ + 480y Q)
+ (xxt + 4Pwo00x + 120xQux + 12 ProockP + 120500 Px
+ 120 Qx + 2405 PPy + 12000P? + 2404 PQy

+ 2400PQ+ 240PQ + 2400 Q + 240 Qy)
+ Qt+4(Qu+3QxP+3P?Q+3Q%)x=0. (14)

Setting the coefficients of f(®), f”, f in (13) and (14)
to zero yields a set of partial differential equations for
P(x1):

Ox Pt + B Px P+ 120xpxxP — 1202 R

(15)
+ 12¢7P? +24¢92Q =0,
Oxt + 4000 + 12006P + 1204P? + 244PPx as)
+ 240:Q+ 24¢pxQx — 12¢xPx = 0,
20 + 402 Pk + 120200 P + 123 P2 -
4+ 12¢3Q =0,
Oxx Pt + 20xPxt + A Pxx Procx + BPx Proocx
+ 1202 P 4 240x PP + 12 0xpxxPx as)
+ 2402Qx + 2402PPx + 36 0xpxxP?
+ 2402PQ+ 480y Q =0,
Oxt + A Pxooox + 120xQux + 12 Q0P
+ 12(Pxxxpx + 12(PXXQX + 24(pXXPPX (19)

+ 120wxP? 4 240xPQx + 240xPQ

Analyzing (15-19), we find that when ¢y # 0, the in-
dependent equation in (15-19) reads

O+ 12P2 @y + 12(Poy)x + 4@xxx = 0, (20)
provided that
P =Q. (21)

Substituting (11) into (5) and (6), we obtain a Back-
lund transformation of the BK equations in (1+1) di-
mensions

H(x,t) =dInp/ox+P, (22)
G(xt) =%Ing /o +Q,
where ¢, P, Q satisfy (20) and (21),

(23)

Qt +4(Qux+ 3QuP + 3P2Q+3Q%)x = 0,

R +4(Px+ P* +6PQ — 3PPy = 0.
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i) Putting P, = Q =0, P = Cp = const, we obtain a
transformation of the BK equations in (1+1) dimen-
sions from (20-23).

H(x,t) =dIn¢@/dx+ Co, (24)

G(x,t) = 0%Ing/ox2. (25)

The above transformation is the transformation be-
tween (1), (2) and (20). By using this transformation, it
is obvious that the higher order Broer-Kaup equations
can be transformed into linear equations ¢ +12C3 oy +
12Co ux + 4oxxx = 0.

ii) Putting P = ¢, Q = ¢, we can obtain another
transformation of the BK equations in (1+1) dimen-
sions from (20)-(23):

H(x,t) =dlng/dx+ o, (26)

G(x,t) = 0%Ing /X + ¢y. 7

The transformation (26), (27) is the transformation be-
tween (1), (2) and @t + 129%¢x + 12(@@x)x + 4Pux =
0, and it is an auto-Backlund transformation.

iii) From (20), (24) and (25), we can construct exact
solutions of the BK equations in (1+1) dimensions:

It can be verified that there are the following solu-
tions of (20):

@1(x,t) = 1+ Aexp(36C3t)sin(v/3Cox),  (28)
@2(x,t) = 1+ Aexp(36C3t) cos(v/3CpX),  (29)
@3(x,t) = 1 +exp[ox+ (—12C3a )

—12Co0® — 4Pt + 7).

Substituting (28— 30) into (24) and (25), we obtain two
groups of exact solutions of the system (1) and (2) as
follows:

Hy(x.t) = V/3CoAexp(36C3t) cos(v/3Cox)
LAY 1+ Aexp(36C3t) sin(v/3CoX)

+Co, (31)

G1(x,t) = —3CZAexp(36C3t)

~_sin(v/3Cox) + Aexp(36C5t)
[1+ Aexp(36C3t) sin(v/3Cox)]2’

(32)

_ V/3CoAexp(36C3t) sin(+/3Cox)
1+ Aexp(36C§t) cos(v/3Cox)

Ha(x,t) = +Co,

(33)
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Gy (x,t) = —3C3Aexp(36C3t)
cos(v/3CoxX) + Aexp(36C3t)
[1+ Aexp(36C3t) cos(v/3Cox)]2’

and a solitary wave solution

(34)

1 1
Hs(x,t) = Eoctanh { 3 [ox+ (—12C30 — 12Co0?

1
—4a3)t+7]}+§a+Co, (39)
1 2.n2fl 2
Gs(x,t) = 7 sech {E[aer(—lZCoa

—12Coa? —4aB)t +7] } (36)

where A, Co, o, and y are arbitrary constants.

By using the separation of variables approach, we
can obtain another set of real valued general solutions
of (20) in the case P, = Q =0, P =Cy = const:

(P4(X,t) = e*4Cg7Lt {Cleco[(l+l)% —1)x

V3

~ D ((a+1)3 12 1
+Ce 2 cos {7(/1+1)300x}

. 1
+Cae 21+ 42xgip [?(A + 1)%c0x} } (28')
where Cy, C1, Cy, C3, and A are arbitrary constants.

Substituting (28”) into (24) and (25), we obtain ex-
act solutions of the system (1) and (2).

To show the properties of the solutions obtained, we
draw plots of their solutions Hy (x,t), G1(x,t), Ha(x,t),
and Gz(x,t) (see Figs. 1-4). The plots for the solu-
tions Ha(x,t), Ga(x,t) are omitted since their shapes
are very similar to those of the modulus of the solu-
tions Hy(x,t), G1(X,1).

It is important that in the case of Pk=Q =0, P=
Co = const, the solution of the initial value problem for
the higher order BK system in (1+1) dimensions can
be written in the closed form

H(x,t) =Co+%ln[<p(x,t)], (37)

G(x,t) = iH(x,t),

ox (38)
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10 10

Fig. 1. The solution Hy (x,t), where parameters are Cy = 1,
A=1

10 20

oo ¢ 1 ) y
P(xt) = 9(0.0 /exp [/H(X,O)dx—cog Y(kt) = E_é o (x,t)e " ¥dx. (41)
0

2m(12t)3

—oo

) Integrating the ordinary differential equation (40) with
LCx-{)— 20Cgt} A (24Cot — (>i— C))dg (39) respect to the variable t, we obtain
(12t)3 ¥ (k,t) = ¥(k,0) exp[(4ik®+ 12Cok? — 12Cik)t], (42)
and Ai(x) is the Airy function.
In fact, making a Fourier transformation of (20) with ~ Where
respect to the variable x, we obtain

_ 17 ik
W (k) + 12C3ik¥ (k,t) — 12Cok?¥ (K, t) #(k0)= \/ﬁé p(x.0)e T 43)

—4ik¥(k,t) =0, (40)  Making the inverse Fourier transformation of ¥ (k,t)
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with respect to k, we obtain

=

p(xt) = ﬁ [ o(&.0)explCofx— £) - 2003
24C2t — (x— &)
- Al <—(12t) )dc. (44)
Starting from (5), and using P(x,t) = Co, we obtain

»(¢,0)

Substituting ¢(£,0) into (44), we complete the proof
of (39). Because ¢(0,0) does not appear in the solution
(37) and (38), the initial value problem of (1) and (2) is
determined completely up to an arbitrary constant Co

— 0(0,0)exp [/OC H(x,0)dx — Cog ] (45)

___C p_
iv) Make the ansatz Py = Q = ~ oo’ P= m,
C = 32L where xg is an arbitrary constant.
In order to solve (20), suppose that
2 an(t) (X +xo)" (46)

and substitute this ¢(x,t) in (46) into (20). This im-
plies

Z [dagt( ) 4 12C%aq,5(t)(n+3) + 12Can.s(t)
n=0

- (N+3)(n+1) +4an.3(t)(N+3)(n+2)(n+ 1)]

-(X+x%)" = 0. (47)
Setting the coefficient of (x+Xo)" for any n to zero
yields a set of ordinary differential equations for the

an(t):

dan(t)
dt
«(n+1) +4an3(t)(n+3)(n+2)(n+1)=0. (48)
In order to solve this set of ordinary differential equa-
tions, we must cut the series solution ¢(x,t) in (46) off
at some nartificially. For example, if we let a, = 0 (for

n > N,N is an arbitrary constant), we may solve the
system as follows

dan(t)
dt

+12C%an; 3(t)(n+3) + 12Can . 3(t)(n+3)

=0, (49)

daNd—tl ® _ 0, (50)
daN(;tZ(t) _o, (51)
daNT‘ts(t) 4 [12C?N 4 12CN(N — 2)
+4N(N—1)(N-2)]an(t) =0,  (52)
W+[1202(N—1)+120(N—1)(N—3)
+4(N—1)(N—2)(N—3)]Jay_1(t) =0, (53)
W+[1202(N—2)+120(N—2)(N—4)
+4(N=2)(N-3)(N-4)]an_2(t) =0, (54)

Solving of the above equations is direct and simple.
The results read

an(t) =Cn, (55)
an-1(t) =Cn-1, (56)
an-2(t) = Cn-2, (57)
an_3(t) = —[12C?N +12CN(N —2)
+4N(N—1)(N—2)[Cnt+Cn_3,  (58)

an_4(t) = —[12C3(N—1) + 12C(N—1)(N - 3)
+4(N—=1)(N=2)(N—3)|Cn1t+Cns, (59)

an—s(t) = —[12C*(N—2) + 12C(N—2)(N — 4)
+ 4(N—2)(N—3)(N—4)]Cy 2t +Cn.s, (60)

Substituting an(t), an-1(t), an—2(t), an—3(t), an-a(t)
..in (55-60) and an(t) (for n> N) in (46), we obtain

ON (Xat) =

+Cn—2(x+ %)V 2

+ {—[12C?°N +12CN(N —2) +4N(N — 1)(N — 2)]Cnt
+ Cn_a}(x4x)N 2 (61)

Cn (X4 %0)N + Cn1 (X+ X0)N 2
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Substituting pn(x,t), Pc= Q= — 557, P= 55, C =
#£1 into (5) and (6) and using (@) =g(@) =In(e), we

obtain rational solutions Hy (x,t) and Gn(x,t).

Because the terms reserved in the series solution
(47) are arbitrary, we may obtain arbitrary many so-
lutions similar to the one in (48).

N
Remark: We define on(X,t) as Y an(t)(x+X%o)"
n=0

According to my assumption that is a_n(t) =0 (forn>
N, N is an arbitrary constant), for an arbitrary positive
number g, and n > N, we can obtain

M= lext) -

so the convergence of the series for ¢ defined in (46)
has been confirmed.

on(x1)| <€,

3. Thelnitial Value Problem and Exact Solutions
of theHigher-order BK in (2+1) Dimensions

We suppose that the solution of (3) and (4) is of the
form

H=f'ox+P(x,21), (62)

G= g//(Px(Pz‘f' g/(sz+ Q(X7 Z7t)' (63)
Through a discussion similar to the case of the higher-
order BK system in (1+1) dimensions, we obtain

@ + 12P? @y + 12(Poy)x + 4wex = 0,

P,=0Q. (65)

From (62-63) and f(¢p) = g(¢) = In(¢), we obtain a
Backlund transformation of the BK equations in (2+1)
dimensions:

(64)

H(x,zt) =dlng/dx+P, (66)

G(x,zt) =9’ Ing/x0z+ Q,
where ¢, P, and Q satisfy (64) and (65).
i) Making the ansatz P(x,zt) = Py(2), Q(x,zt) =
Py(z)/9z, we obtain a transformation of the BK equa-
tions in (2+1) dimensions from (64 —67):

(67)

H(x,zt) =dIng/dx+ Py(2), (68)
G(x,z,t) = 9°In @ /9x0z+ P4(2). (69)
i) Assuming P(x,zt) = ¢, Q(x,zt) = ¢, we can

derive another transformation of the BK equations in
(2+1) dimensions from (64—67):
H(x,zt) =

dlng/ox+ o, (70)

G(x,zt) = 9°In@/9x0Z+ ¢s. (71)

iii) Similar to the case of the higher-order BK sys-
tem in (1+1) dimensions, we can obtain three groups
of exact solutions of the system (3) and (4) as follows:

Hi(x,zt) =
V3P (2)Aexp[36P3 (2)t] cos[v/3Py (2)X]
1+ Aexp[36P3(2)t] sin[v/3Py(2)X] TR, (2)
[G1(x,z,t) = dH1(x,2,1)/0z, (73)
Ha(x,zt) =
V/3Py(2)Aexp[36P3 (2)t] sin[v/3Py (2)X]
1+ Aexp[36P3(2)t] cos[v/3Ry (2) TR, (74)
Ga(x,zt) = dHy(x,2,t) /dz, (75)
Hz(x,z,t) = Sortanh { 3 [ax+ (—4a®
—12Py(2)0? — 12P¢(z)a)t + 9]} (76)
+30+Py(2),
Gs(x,zt) = dH3(x,z,t)/dz. 77)

Also a closed form of the solution for the initial value
problem can be given:

=Py(2) + 2 Infp(x,z,t)],

H(x.2t) P (78)
G(x,zt) = aH(xzt) (79)
3 & - a_z s &L )
where
oixz2t) - —2 - [o(t.00
2m(12t)3 /.
- exp[(x— §)Po(2) — 20tPy(2)°] (80)
2
_ Ai(24P0(z) t—l(x C)
(12t)3
and Ai(x) is an Airy functlon
iv) Using P = X+ = Q, and C = ==, we ob-
tain arbitrarily many squtlons of (64) as foIIows.
on(X%Z,t) = Cn[X+Po(2)N+Cna X+ Po(2)N
+ Cno2[x+P(2)]N? (81)
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+{—[12C®N 4 12CN(N — 2) + 4N(N — 1)(N — 2)]|Cnt
+Cn3}x+R@IN P+,

where N is an arbitrary positive integer. Substituting
this on(X,z,t) into (62) and (63) and using f (@) =
9(@) = In(¢), we obtain the corresponding rational so-
lutions Hn (X, z,t), Gn(X, Z t).

4. Conclusion

By using the extended homogeneous balance
method, we obtain Backlund transformations and ex-
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